In this paper, we introduce and study a new class of generalized functions, called generalized geometrically convex functions. We establish several basic inequalities related to generalized geometrically convex functions. We also derive several new inequalities of the Hermite-Hadamard type for generalized geometrically convex functions. Several special cases are discussed, which can be deduced from our main results.
Introduction
During the last few decades, the theory of convex analysis has turned into one of the most interesting and useful fields to study a wide class of problems arising in pure and applied sciences. Innovative techniques and calculations have yielded different directions for the study of convex analysis. In recent years, various inequalities for convex functions and their variant forms have been developed using novel techniques; see [-] .
The theory of convex functions is closely related to theory of inequalities. It is well known that a function is convex, if and only if it satisfies an integral inequality, which is known as the Hermite-Hadamard inequality; see [, ] . Such types of integral inequalities are useful in finding the upper and lower bounds. For recent developments and applications, see [-] .
The convex sets and convex functions have been extended and generalized in different directions using innovative ideas to study different problems in a general and unified frame work; see [-] . One of the most recent significant generalizations of convex functions is the ϕ-convex function, introduced by Gordji et al. [] . These functions are non-convex functions. For recent developments, see [, -] and the references therein.
The main purpose of this paper is to introduce a new class of generalized convex functions, which are called generalized geometrically convex functions. We establish some new results by using the basic inequalities. We derive new Hermite-Hadamard integral inequalities for the generalized geometrically convex functions. Several special cases are considered. Our results are a significant and important refinement of well-known results for inequalities.
Preliminaries
Let I be an interval in real line R. Let f : I ⊂ R + = (, ∞) → R be a differentiable function on the interior I  of I and let f : I = [x, y] → R and η(·, ·) : R × R → R be a continuous bifunction. Throughout this paper, we will use the following notation:
Definition . ([]) Let I be an interval in real line R. A function f : I = [x, y] → R is said to be generalized convex with respect to an arbitrary bifunction η(·,
If η(x, y) = x -y, then the generalized convex function reduces to a convex function. Every convex function is a generalized convex function, but the converse is not true; see, for example, Examples . and ..
Example . ([])
For a convex function f , we may find another function η other than the function η(x, y) = x -y such that f is generalized convex. Consider f (x) = x  and η(x, y) = x + y. Then we have
Also the fact that x  ≤ y  + (x  + y  ) and y  ≤ y  , for all x, y ∈ R shows the correctness of the inequality for t =  and t = , respectively. This means that f is a generalized convex function. Note that the function f (x) = x  is generalized convex with respect to all η(x, y) = ax + by with a ≥ , b ≥ - and x, y ∈ R.
and define a bifunction η = -x -y for all x, y ∈ R -= (-∞, ). Then f is η-convex, but the converse is not true.
The set I is said to be a geometrically convex set, if
where (y -t x t ) and ( -t)f (y) + t(f (x)) are the weighted geometric mean of two positive numbers x and y and the weighted arithmetic mean of f (x) and f (y), respectively. We now introduce a new class of generalized convex functions on the geometrically convex set with respect to an arbitrary bifunction η(·, ·), which is called the generalized geometrically convex function.
Definition . A function f : I ⊂ R + = (, ∞) → R is said to be generalized geometrically with respect to a bifunction η(·,
If η(x, y) = x -y, then the generalized geometrically convex functions reduce to geometrically convex functions given in Definition ..
If
which is called a generalized Jensen geometrically convex function. We will use the following notations throughout this paper: () arithmetic mean:
generalized logarithmic mean:
Main results
In this section, we derive some new Hermite-Hadamard type inequalities for generalized geometrically convex functions. We denote I = [a, b], unless otherwise specified. 
Proof Let f be a generalized geometrically convex function on I. Then, ∀a, b ∈ I and t ∈ [, ], we have
Using (.) and taking
Since f is a generalized geometrically convex function,
Adding (.) and (.), we have
This completes the proof.
be generalized geometrically convex functions on I and a, b ∈ I with a < b. Then
Proof Let f , g be generalized geometrically convex functions on I. Then, ∀a, b ∈ I and t ∈ [, ], we have
From (.) and (.), we have
Integrating both sides of (.) over t on [, ], we have
where M(a, b) and N(a, b) are defined by (.) and (.).
From (.) and (.), we have
Integrating both sides of (.) over t on [, ], we have
This completes the proof. 
.
which is the required result.
which is the required result. 
Corollary . If f = g and η(b, a)
From (.) and (.), we have
Corollary . If f = g and η(b, a)
= b -a in Theorem ., then f ( √ ab)f ( √ ab) ≤  ln b -ln a b a  x f (x)f (x) dx.
Theorem . Let f , g : I = [a, b] → (, ∞) be increasing and generalized geometrically convex functions on I and a, b ∈ I with a < b. Then
Proof Let f and g be generalized geometrically convex functions on I. Then ∀a, b ∈ I and t ∈ [, ], we have
Using the inequality
we have
Integrating the above inequality over t on [, ], we have
Now after simple integration, we have
Integral inequalities
In this section, we will use the following result to obtain our main results. 
Lemma . ([
Proof Using Lemma . and Hölder's inequality, we have
Now consider
Combining (.), (.), (.) and (.), we have
Now we consider
Combining (.), (.), (.) and (.), we have
If η(b, a) = b -a, then Theorem . reduces to the following result. 
Proof Using Lemma . and Hölder's inequality, we have 
If η(b, a) = b -a, then Theorem . reduces to the following result.
